Abstract. We compute new polynomials with Galois group M 11 over Q(t). These polynomials stem from various families of covers of P 1 C ramified over at least 4 points. Each of these families has features that make a detailed study interesting. Some of the polynomials lead, via specialization, to number fields with very small discriminant or few ramified primes.
Theoretical background
As the following sections make use of Hurwitz spaces as moduli spaces for families of covers of the projective line, I will begin with a very brief outline of the theory. More thorough introductions may be found e.g. in [2] or [14] .
Let G be a finite group and C = (C 1 , ..., C r ) be an r-tuple of conjugacy classes of G, all = {1}. The Nielsen class of the class tuple C is defined as N i(C) = {(σ 1 , ..., σ r ) ∈ G r | σ 1 , ..., σ r = G, σ 1 · · · σ r = 1, ∃ π∈Sr : σ i ∈ C π(i) (i = 1, ..., r)}.
The inner Nielsen class N i in (C) is defined as the quotient of N i(C) by the diagonal action of
Inn(G). The analogous sets with the additional requirement π = id are called the straight Nielsen classes SN i(C) resp. SN i in (C).
It is well known that the elements of N i in (C) parametrize branched Galois covers of P 1 C in the following way:
Let {p 1 , ..., p r } be a fixed subset of P 1 C of cardinality r, p 0 ∈ P 1 C \ {p 1 , ..., p r } and f : π 1 (P 1 C \ {p 1 , ..., p r }, p 0 ) → G an epimorphism (which, by Riemann's existence theorem, induces a Galois cover) mapping the r-tuple of standard fundamental group generators to an element of N i(C).
Now f and f ′ (with same branch point sets and same base point) are defined to by equivalent if for some γ ∈ π 1 (P 1 C \ {p 1 , ..., p r }, p 0 ): f (γδγ −1 ) = f ′ (δ) for all δ ∈ π 1 (P 1 C \ {p 1 , ..., p r }, p 0 ).
Letting the branch points vary over all r-sets in P 1 C, the set of these equivalence classes forms a (not necessarily connected) algebraic variety (for non-empty N i(C), of course), known as the inner
Hurwitz space H in (C). This variety comes with a natural morphism Ψ : H in (C) → U r to the space U r of r-subsets of P 1 C, mapping (an equivalence class of) a cover to the set of its branch points.
The elements of a given fiber of Ψ correspond one-to-one to the elements of N i in (C).
If Z(G) = {1}, then by a famous theorem of Fried and Völklein ([4, Corollary 1]), G occurs as the Galois group of a regular Galois extension of Q(t) iff the inner Hurwitz space H in (C) contains a rational point for some class tuple C of G. In other words, inner Hurwitz spaces are fine moduli spaces under the assumption Z(G) = {1}.
Remark:
We restrict here to the notion of inner Hurwitz spaces. In certain contexts, absolute Hurwitz spaces are more natural. However, for the purpose of this paper, there is no difference anyway, since the Mathieu group M 11 has no outer automorphisms.
To find out about the existence of rational points, one needs to investigate the algebraic structure of the Hurwitz spaces. The dimension of the Hurwitz spaces can be reduced by 3 via the action of P GL 2 (C) on P 1 C, which induces an equivalence relation on U r , and thereby also on
Under relatively mild assumptions, rational points on the reduced Hurwitz spaces also lift to rational points on the non-reduced ones. Especially for r = 4, reduced Hurwitz spaces are curves. The genera of these curves, and more generally, of certain curves on Hurwitz spaces of higher dimension, can be computed from the action of the Hurwitz braid group H r on N i in (C), This action has an interpretation as a monodromy action on the fibers of the branch point reference cover Ψ :
Similarly, for different versions of covers of reduced Hurwitz spaces over suitable parameter spaces, 1 the appropriate choice of braids yields the monodromy action of the cover. Therefore, the cycle types of the monodromy group generators (which depend on the exact version of the parameter space, e.g. on symmetrization of branch points) yield explicit genus formulas for the Hurwitz curves. Cf. III. (5.11) and Theorem III.7.8 in [10] for such formulas.
In particular, for rational class 4-tuples C, if H in (C) is connected (or more generally, if there is a rigid orbit in the braid group action) and the braid genus is zero, with some oddness condition satisfied (assuring that the genus zero curve is actually a rational curve), the existence of infinitely many rational points on H in (C) follows.
For larger genus (or for varieties of dimension > 1), explicit computation may help to clarify the situation. Hopefully, this paper supports that there is some value in explicit computation of Hurwitz families.
2. Overview of known M 11 extensions of Q(t)
In the following, we consider Galois extensions with Galois group the Mathieu group M 11 . This group is the smallest sporadic simple group (of order 7920 = 11 · 10 · 9 · 8) and has a sharply 4-transitive action on 11 points.
There are several known ways to obtain M 11 as a (regular) Galois group over Q(t). The first known example (cf. [10, Chapter I.9.4]) used a 3-point cover defined over Q with regular Galois group M 12 and genus zero monodromy to obtain the point stabilizer M 11 via suitable specialization. The same idea, starting with a family of 4-point covers with Galois group M 12 was used by Malle in [9] (Section 10).
It is also known that M 11 itself has a family of genus zero (in the action on 12 points!) covers defined over Q with 4 ramification points (cf. Theorem 3.10 in [3] ).
I.e. there is a family of rational functions
, where t and a are independent transcendentals. The reason for this is the existence of a rational (S 3 -symmetrized) Hurwitz curve for the Nielsen class of M 11 generating class tuples of type (2A, 3A, 3A, 3A).
In the following, we focus on families of M 11 -covers with non-rational Hurwitz curves and show the existence of rational points on them.
Rational functions with M 11 -monodromy and more than 3 branch points
The families of covers considered in the following are families of genus zero (with regard to the suitable permutation action); this means that each member can be defined (a priori over C) by a polynomial equation of the form f (x) − t · g(x) = 0 (with f, g ∈ C[x]). More precisely, the entire family is a (non-Galois!) genus zero cover of H(C) × P 1 , with H(C) the corresponding Hurwitz space, and can be defined by a polynomial equation This yields a basic plan for explicit computations. First, find a single polynomial with the correct monodromy -either modulo a small prime via exhaustive search, or as a complex approximation, obtained from an initial 3-point cover via deformation techniques. Next, gain sufficiently many covers (via Newton iteration in C or p-adic lifting) to interpolate and find algebraic dependencies between suitable coefficients (or combinations of coefficients) of F and G. As the degree of these dependencies is not fixed, one should first specialize appropriately to find out which coefficients lead to which degrees. Finally, the coefficients of these dependencies can be recognized as algebraic (and hopefully rational) numbers via the LLL algorithm. Once a precise polynomial equation over Q is known, one can search for rational solutions and then check whether these solutions are "good" in the sense that they correspond to non-degenerate covers in our family.
Detailed outlines and computational examples of such techniques can be found in [1] , [7] or [9] . In order to find out whether it contains rational points, I explicitly computed a model for the corresponding family of M 11 -covers, using deformation techniques.
Indeed it turns out that the genus-1 curve C is an elliptic one, and has rational points corresponding to non-degenerate (i.e. 4 branch points) covers with Galois group M 11 defined over Q.
Sufficiently precise approximation allows one to find an algebraic dependency between two coefficients of the model, and therefore a plane curve equation for C. From a rational point (x 0 , y 0 ) in such a plane curve model of C, we can obtain an explicit M 11 -polynomial e.g. via p-adic lifting of a corresponding mod-p solution. One such point yielded the following, unexpectedly nice, polynomial:
. Then f has Galois group M 11 . The branch cycle structure is of type (2A, 2A, 3A, 5A).
Proof. To show Gal(f ) ≥ M 11 , simply specializing t and reducing modulo suitable primes (to get sufficiently many cycle types in the Galois group by Dedekind's criterion) suffices. Now one needs to exclude the proper overgroups of M 11 in S 12 , i.e. M 12 , A 12 and S 12 . What sets M 11 apart from all of these is the existence of a subgroup of index 11 (the stabilizer M 10 in the natural degree 11 permutation representation). This stabilizer has an index 2 subgroup which acts intransitively on 12 points, with two orbits of length 6. As the specialization t → 81/16 leads to a reducible polynomial with factors of degree 6, we can develop the roots of f in the Laurent series field F p ((t − 81/16)), where p is any prime such that the degree 6 polynomials split completely. Then let a be the sum of 6 such roots (of course belonging to the same degree 6 factor in the non-reduced polynomial);
we expect a to have a minimal polynomial of degree 22 over F p (t), and equating coefficients of the Laurent expansions yields this polynomial. Doing the same for suitably many primes, Chinese remainder theorem also yields the analagous polynomial (with rational coefficients) for the nonreduced sum of 6 roots.
Now one simply verifies that the original polynomial f factors over the function field of the degree 22 polynomial; this proves Gal(f ) ∼ = M 11 .
The assertion about the branch cycle structure can be easily verified.
The above proof method also yields an explicit degree 11 polynomial with Galois group M 11
and ramification type (2A, 2A, 3A, 5A). As this is a genus-1 tuple on 11 points, one cannot hope to obtain a polynomial g(x, t) linear in t; however, upon suitable transformations one obtains a polynomial of degree 2 in t, e.g. the following:
. Then f has Galois group M 11 in its natural degree 11 action on the roots.
Remarks:
• There seemed to be no reason why a member of this family would have such nice and small coefficients as the polynomial f in Theorem 1. It would therefore be interesting to know whether there is a "natural" explanation for the existence of this polynomial (possibly one that could generalize to other Mathieu groups).
• The original plane curve equation obtained for the Hurwitz curve C from the computational model was quite ugly (degree > 10 in each variable). However, one can show that C has elliptic Weierstrass form y 2 = x 3 − 27/25x − 2/25. This curve is of rank 1, so there are infinitely many Q-points; and as only finitely many of those can correspond to degenerate covers, there will be infinitely many equivalence classes of M 11 -polynomials over Q in this family! Unfortunately, the rational point that leads to the above polynomial f seems to be the only one where the coefficients in our computational model have small height. Nevertheless, explicit algebraic dependencies between any of those coefficients and the Weierstrass ℘ function of the elliptic curve make it possible to find many more rational points on the curve and therefore M 11 -polynomials.
We conclude this section with a polynomial from this family which possesses specializations with totally real Galois closure. The large rational numbers that occur as coefficients could hardly have been found via exhaustive search, but are easy to find once a dependency betweeen coefficients of our model and the Weierstrass ℘ function is known. Then h has Galois group M 11 over Q(t), and for all t 0 ∈ (2.65 · 10 39 , 3.42 · 10 39 ), the specialized polynomial h(t 0 , x) has only real roots.
Theorem 3. Let h(t, x)
Proof. We only show the assertion about totally real number fields. This is, however, easy, as it suffices to verify it with the computer for one specialization t 0 in the above interval.
The bounds of this interval are (approximately) the non-zero finite real branch points of h. As the number of real roots can only change at a branch point, the assertion follows. Hurwitz space is then a surface defined over Q. Even though the standard braid genus criteria seem to yield no obvious rational curves on this surface, we can still hope to find points by explicit computation.
Lifting an initial modulo p solution (here for p = 7) to many different p-adic solutions with different branch point locus yielded, via interpolation, an algebraic dependency between three suitable coefficients in the model, of degrees 14, 16 and 19.
Searching for points on this variety yields several "bad" solutions (e.g. corresponding to degenerate covers with less than 5 branch points and smaller Galois group); but there are also "good" rational points, and with rather small coefficients. Two of those are given in the following theorem. It would be interesting to know if there are infinitely many (non-equivalent) covers defined over Q in this family, and if the Hurwitz space is maybe in fact a rational surface.
Theorem 4. The polynomials f (x, t) := (x 12 + 24x 11 + 204x 10 + 912x
have Galois group M 11 over Q(t). In both cases, the branch cycle structure is of type (2A, 2A, 2A, 2A, 3A) .
Proof. For both polynomials, the proof can be carried out in analogy with Theorem 1.
Note that the polynomials f and g in the previous theorem are not equivalent (via fractional linear transformations); in particular, the finite ramification points of f are the roots of an irreducible degree 4 polynomial, while g has a rational branch point at t = 0.
3.3. Rational functions of degree 11. The group M 11 is the monodromy group of rational functions over Q of degree 11 as well as 12. For degree 12, this has been seen in several different ways already.
For degree 11, the tuple of classes with cycle structures (2
3 ) has a Hurwitz curve of genus 2. Explicit computations of this curve yielded a "good" rational point, allowing a non-degenerate cover of this family defined over Q:
has Galois group M 11 over Q(t).
In fact one can show that up to equivalence (i.e. fractional linear transformations in t and in x), this is the only polynomial in this family which is defined over Q.
The reason is that the genus 2 Hurwitz curve turns out to be birationally equivalent to the hyperelliptic curve given by y 2 = (x 2 − x + 3)(x 2 + 1)(x 2 + x + 1). For such curves, there are methods to explicitly determine, under a few assumptions, the complete set of rational points. Using Magma, we found that the Jacobian of the above curve is of rank 1, and Chabauty's method (as described e.g. in [11] ) then yields that there are exactly four rational points; only one of these corresponds to a non-degenerate (i.e. 4 branch points) cover.
4. Number fields with Galois group M 11 and small discriminant Of course, the polynomials computed above lead to infinitely many polynomials with Galois group M 11 over Q, via Hilbert's irreducibility theorem. Among those, polynomials that lead to number fields with small discriminant (either with regard to absolute value, or with regard to the number or absolute value of the prime divisors) are traditionally of special interest. Systematic collections for number fields with small discriminant and Galois groups of small degree can be found in the databases by Jones and Roberts ([5] ), and by Klüners and Malle ([6] ).
The very small coefficients of the polynomial f (x, t) from Theorem 1 lead to nice number fields upon specializing t → t 0 ∈ Q appropriately. In the following lemma, we collect a few sample polynomials which lead to nice field discriminants: , and is therefore ramified only over the prime
45513961.
The discriminants of f 0 , f 1 and f 2 above (and many others, for other specializations of t) are significantly smaller than the smallest previously known values for M 11 -extensions (In the database [6] , the smallest root discriminant is (661 8 ) 1/12 = 75.88..., however with the remarkable property that only the prime 661 ramifies).
In particular, the root discriminant of f 0 is smaller than 8πe γ = 44.76...; it is known that, if the Generalized Riemann Hypothesis holds, only finitely many number fields have a root discriminant smaller than this value.
The polynomial f 3 above provides the second known instance of an M 11 number field ramified only at one prime, after the aforementioned Klüners-Malle example.
For the five point covers as well, suitable specializations of t lead to number fields with small discriminant:
Lemma 7. With f as in Theorem 4, let f 0 (x) := f (x, 40), f 1 (x) := f (x, 0) and f 2 (x) := f (x, −608). In particular, the root discriminant for f 1 is equal to 3 · 2 19/6 = 26.93...
Finally, with g as in Theorem 4, let g 0 (x) := g(x, 440/27). Then a root field of g 0 has discriminant 5 4 · 11 12 · 37 4 , i.e. root discriminant 62.67...
Suggestions for further research
If there is anything to learn from the above examples, it is that Hurwitz spaces can contain rational points even though the theoretical criteria do not suffice to show this. As weak a statement as this is, it may give some motivation to explicitly search for rational points on other Hurwitz This is again a genus zero tuple, and the only braid orbit is of length 21456. Finding explicit algebraic equations for the reduced Hurwitz spaces might be computationally hard as the equations could have very large degree. A complex approximation to a cover in this family, which can serve as a starting point for further research, was given in [7] (numerical values are available at http://opus.bibliothek.uni-wuerzburg.de/frontdoor/index/index/docId/10014).
It would also be desirable to have a database of genus zero covers with "interesting" Galois group, in the spirit of the above computations. Ideally, for each class tuple of genus zero in a primitive permutation group G, enumerate the braid orbits for genus zero tuples (this is an ongoing project;
it is complete e.g. for affine groups, cf. [13] ) and for as many orbits as possible, find a polynomial defined over Q(t) (corresponding to a Q-point on the Hurwitz space), or at least a "nice" defining equation for the Hurwitz space. In particular, classify which of these (reduced) Hurwitz spaces contain infinitely many points.
